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0. Introduction 



Smooth projective varieties with small invariants have got renewed interest in re- 
\D | cent years, primarily due to the fine study of the adjunction mapping by Reider, 
^ ■ Sommese, Van de Ven and others. For the special case of smooth surfaces in P 4 the 
method goes back to the Italian geometers, who at the turn of the century used it 
for the study of the surfaces of degree less than 7, or sectional genus tt < 3. Later 
O | on, for larger values of the invariants, there are contributions by Commesatti and 
especially Roth. For example, in [38], Roth tried to establish a classification of 
smooth surfaces with n < 6, but his lists are incomplete since he misses the non- 
CTN ■ special rational surfaces of degree 9 and the minimal bielliptic surfaces of degree 
10. Nowadays, through the effort of several mathematicians (some references are 
given below), a complete classification of smooth surfaces in P 4 has been worked 
^| out up to degree 10, and a partial one is available in degree 11. 

bJ)' But, apart from the general framework of classification problems concerning codi- 
mension two varieties, there is another strong motivation for the interest in these 

j> | surfaces. Namely, in a recent paper Ellingsrud and Peskine [19] proved Hartshorne's 
conjecture that there are only finitely many families of special surfaces in P 4 . More 
specifically, given an integer a < 6, they show that the degree of smooth surfaces 
with K 2 < ax is bounded. In particular, there are only finitely many families of 
smooth surfaces in P 4 , not of general type. However, the question of an exact degree 
bound is still open. A recent work of Braun and Fl0ystad [10] improves the initial 
bound (~ 10000) of Ellingsrud and Peskine to d < 105, but it is believed that the 
degree of the smooth, non-general type surfaces in P should be less than or equal 
to 15. A similar finiteness result for 3-folds in P 5 was proved in [11], but the real 
degree bound is believed to be much higher in this case. Nevertheless, examples of 
smooth 3-folds in P 5 not of general type are known only up to degree 18 (see [18] 
for more details and a complete list of known examples) . 

Another reason for the interest in studying surfaces in P 4 is the small number of 
known liaison classes of such surfaces. Each new specimen of liaison classes is of 
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real interest. In this direction, the work of Decker, Ein and Schreyer [17] provides 
a powerful and effective method of construction of surfaces in P 4 . 

The aim of this paper is to provide a series of examples of smooth surfaces in P 4 , not 
of general type, in degrees varying from 12 up to 14, and to describe part of their 
geometry. In degree 15, two families of abelian surfaces [23], [3], [34], and a family 
of bielliptic surfaces [4] are currently known. We have tried to work out examples 
of degrees higher then 15 but failed in this attempt. The methods of construction 
we used are mainly the syzygy approach of [17] and liaison techniques. The families 
we construct are: 

- minimal proper elliptic surfaces of degree 12 and sectional genus 7r = 13, 

- two types of non-minimal proper elliptic surfaces of degree 12 and sectional genus 
7T = 14, 

- no n- minimal K3 surfaces of degree 13 and sectional genus 16, and 

- non-minimal K3 surfaces of degree 14 and sectional genus 19. 

At this point it may be appropriate to recall some references for the list of the 
smooth surfaces in P 4 of degrees less or equal to 11. The classification and con- 
struction of surfaces of degree < 7 was initiated in [38] and completed up to degree 
8 in [24], [25], [30], [31], [32], supplemented for the case of rational surfaces of degree 
8, sectional genus 5 by [1]. In degree 9, the rational surfaces are described in [1] and 
[2], the Enriques surfaces with ir = 6 in [14] and [15], while the classification and 
description of the liaison classes is completed in [5]. In degree 10, the classification 
in terms of numerical invariants and the description of a large number of surfaces 
is achieved in the beautiful thesis of K. Ranestad [36]. The existence, the unique- 
ness and the geometry of bielliptic surfaces of degree 10, n = 6 were taken care 
by [42] and [4], respectively, the Enriques surfaces of degree 10, ty = 8 were first 
constructed in [17] and further studied in [12], while the minimal abelian surfaces 
were first described about 20 years ago in [23]. Finally, a non-minimal K3 surface 
of degree 10, n = 9, lying on only one quartic hypersurface was constructed [34], 
thus giving a positive answer to the last open existence case in [36]. The remain- 
ing uniqueness problems, the syzygies and the description of the liaison classes in 
degree 10 were completed in [35]. Finally, 23 different families of smooth surfaces 
are known in degree 11, and [34] is an attempt at construction and classification in 
this degree. 

1. Preliminaries 
Double point formula. For smooth surfaces S C P 4 the relation [22]: 

(1.1) d 2 - c 2 (N s ) = d 2 — lOd — 5H ■ K — 2K 2 + 12 X (S) = 0, 

expresses the fact that S has no double points. 

Linkage [33]. Two surfaces S and S' in P 4 are said to be linked (m,n) if there 
exist hypersurfaces V and V of degree n and m respectively, without common 
components and such that V fl V = S U S'. The standard sequences of linkage, 
namely 
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— ► S (K) — > s (m + n-5) — > S nS'(m + n - 5) — > 0, 

yield then x(S') = x(VC\V) — x(Os( m + n — 5)) and a relation between the sectional 
genera: ir{S) - n(S') = \{m + n - 4)(d(S) - d{S')). 

The Eagon-Northcott complex method [17]. The aim of this method is to 
realize a surface S C P 4 as the determinantal locus S = D(ip) = { x G P 4 
rk <p(x) < e } of a map </? between two vector bundles £ of rank e, and 3" of rank 
e + 1 on P 4 . In case (p degenerates in (expected) codimension two, D(tp) is locally 
Cohen-Macaulay and the Eagon-Northcott complex is exact and identifies coker if 
with the twisted ideal sheaf of S: 

£ ^ 5 _ J s ( Cl (J)- Cl (£)) — .0. 

In order to construct a surface S with the desired invariants one has to find ap- 
propriate vector bundles £ and 5F, and a general method for this is to determine 
first the differentials of the Beilinson spectral sequence applied to the twisted ideal 
sheaf Js(m), for a suitable m G IN: 

Theorem 1.1. [9]. Let 9 be a coherent sheaf on P n = P(V). There exists a spectral 
sequence with E\ terms 

converging to S; i.e. = for p + q ^ and Q)E^~ P is the associated graded 
sheaf of a suitable filtration of S- 

All the i?i-terms are in the second quadrant and only finitely many of them are non- 
zero. Via canonical isomorphisms induced by contraction, Hom(Op„(i), Op„(j)) = 
A l ~ j V, for i > j, cf. [9], the d\ -differentials 

d\ q G Horn (H 9 (P n , S(p)) ® 0" p (-p), H 9 (P™, 9(p + 1)) ® 0~r - 1)) 

can be identified with the natural multiplication maps in 

Horn (H°(P n , P . (1)) <g) H 9 (P n , g(p)), H 9 (P n , S(p + 1))) . 

In our specific case, this means that to determine the (ii-differentials is equivalent 
to fixing the module structure of the Hartshorne-Rao modules © p H 9 (P 4 , 3s(p)), 
qe{l,2}. 

Multisecants [28]. Some classical numerical formulas for multisecant lines to a 
smooth surface S in P have been recently given a modern treatment by Le Barz. 
Consider the double curve T of a general projection of such a surface S to P 3 and 
denote by 

the degree of T, by 

t=( d Z 1 ) -7r(rf-3)+2y-2 
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the number of apparent triple points, i.e., the number of trisecants to S which meet 
a general point, and by 

h= hs(S-d + 2)-St) 
2 

the number of apparent double points on V. Suppose there are no lines on S with 
positive self-intersection. Then the number of 6-secants (if finite) plus the number 
of exceptional lines on S is: 

(1.2) N 6 (d,7v, x ) =- -^d(d - 4) (d - b) (d 3 + 30d 2 -577 d + 786) 

+ $(2^+ 2^-45^+148* -317) 
1 /5V i 2 - 27^ + 120) -2Q 

t 
2 



+ h(S -8d + 56) + t(9d -3d- 28) + 



2. Three families of smooth elliptic surfaces of 
degree 12 and a smooth k3 surface of degree 13 

We construct in the sequel several examples of smooth, regular, proper elliptic 
surfaces of degree 12 in P 4 . Previously known examples of no n- general type surfaces 
with d = 12 were only the blown-up K3 surfaces with tv = 14, with one exceptional 
quartic and ten exceptional lines constructed in [17]. 

Recall first that for a smooth surface S of degree 12 in P 4 the double point formula 
reads 

K 2 = 47 - 5tt + 6x, 
while Severi's theorem [43] and Riemann-Roch give 

7T = x + 8 + h\O s (H)) - h°(O s (K - H)). 



Proposition 2.1. There exist smooth, regular, minimal proper elliptic surfaces 
S C P 4 , with d = 12, tv = 13, x = 3, and 10 skew 6-secant lines. 

Proof. For construction we use the syzygy approach in [17]. A promising Beilinson 
cohomology table is 

i 



2 



2 



EXAMPLES OF SMOOTH NON-GENERAL TYPE SURFACES IN P 4 5 

where h^Js) = h 1 (?5(l)) = (S being reduced and linearly normal, cf [43]), 
h 2 (d s ) = h\O s ) =q = 0, h 3 (J s ) = h 2 (O s ) = Pg = 2, h 3 (J s (k)) = 0, for k > 1 
(since k(S) < 2), while h°(J s (m)) = for m < 3. We may set £ := 20(-l) © 

2Q 3 (3) and £F := (ker tp), where 4F(1) <— 15F is the minimal free presentation of 
the graded R = C[xq, x±, X2, xs, ^-module H 1 (?5(* + 4)) = H 1 (3 r (*)), and try to 
construct the surface as the degeneracy locus of a general morphism Lp e Hom(£, 3 r ). 
However, for a general choice of the matrix ip, the module M := coker ip has a 
minimal free resolution of type 

M <- 4R(1) ^- 15R ^ 15i?(-l) 

10i?(-2) 30i?(-3) <- 21i?(-4) <- 5i?(-5) <- 

and thus Hom(0 3 (3), $) = in this case. What is needed for the construction to 
work is that tp has at least two linear syzygies of second order. We will choose a ip 
featuring such syzygies. 

Let F be the Horrocks-Mumford bundle (see [23]). It is a stable rank 2 vector 
bundle on P 4 with Chern classes c\ = — 1, ci = 4, and its H 1 -cohomology module 
has a minimal free resolution of type (cf. [16], see also [34]) 

<- H 1 (i^(*)) <- 5fl ^- 15i?(-l) ^ l(LR(-2) 

4fl(-3) ^ 2fl(-3) 

© © 
15fl(-4) 35fl(-5) <- 20i?(-6) ^ 

2i?(-8) <- 0, 

with 7 = (M 2o (x) | M ai (x) | M Z2 (x)), where M,(i) = (a^^). 

j e z 5 are Moore 

blocks, and the parameters are say zq = (1 : : : : 0), z\ = (0 : 1 : : : 1) and 
z 2 = (0 : : 1 : 1 : 0). 

From [23], or even just by looking at the above resolution since F(— 1) is the cok- 

ernel of the unique morphism — > 20 3 (2) —> Syz 1 (B 1 (F '(*))), we have h°(F) = 
h°(F(l)) = and h°(F(2)) = 4. 

Consider now a rank 3 vector bundle E on P 4 constructed as the extension 
(2.2) — ► F — ► E — ► — >0 

corresponding to a non- trivial element ^ G H^F) = Ext^C^F). Then E has 
Chern classes c\(E) = — 1, 02(E) = 4 and 03(E) = 0, and is stable because F is. 
Also h (E) = h (F) — 1 = 4 by construction. We will assume in the sequel that 
the extension E comes from a generic element £ 6 H 1 (F), meaning by this that £ 
satisfies the following two conditions: 

- the natural map C£ ® H (0 p4 (l)) -> H 1 (F(1)) induced by multiplication with 
linear forms is injective, while 

- the similar natural map C£® H (0 p4 (2)) -> H X (F(2)) is surjective. 

To see that such a choice is possible one either checks it for a random £ via [7], 
or one uses the invariance of H 1 (F(*)) under the group G = H5 xi Z2, where 
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[23], or [29], if P 4 = P(V) then we can find a basis e ,...,e 4 of V such that, 
under the Schrodinger representation of H 5 on P 4 , H 1 (F) = V 3 , H 1 (F(1)) = 2Vf, 
H 1 (F(2)) = 2V$, while the multiplication map V*<S>K 1 (F) -> H 1 (F(1)) is given by 
the projection on the second factor V* <g) V3 = SVi © 2Vf — > 2V±. One checks easily 
that £ := X^=o( — -0* e * e has the desired properties, and thus deduces that 

there is a Zariski open subset of elements of H 1 (F) satisfying the two conditions. 

With this choice of f , the exact sequence (2.2) yields h°(E(l)) = 0, h°(E(2)) = 5, 
h 1 (£'(l)) = 5 and h 1 (E(m)) = for all m > 2, or m < — 1. Summarizing, we 
deduce that M := H 1 (^(*)) is an artinian module with Hilbert function (4, 5) and 
with the desired syzygies: 

M <- 4R ^- 15R(-1) 15R(-2) 2R(-S) 

12i2(-3) 3(lR(-4) X 21i2(-5) <- 5i2(-6) <- 0, 

where ^ = r7, with r G M4 ; 5(C) corresponding to the chosen extension £, while 7 
is as above. The two above linear second order syzygies are inherited from those 
of H 1 (F(*)), and thus they involve as in the Horrocks-Mumford case two proper 
Koszul complexes. 

As we can check in an example via [7], the dependency locus of two general sections 
in B°(E(2)) is a smooth surface ScP 4 with d = 12, n = 13 and x = 3. The ideal 
sheaf "Js has a resolution of type 

(2.3) — > 20 — ► E{2) — ► J s (5) — > 0. 

This description of S is equivalent to that as the degeneracy locus of a general 
morphism 9? G Hom(£, Syzi(R 1 (E(* + 1)))). In particular, S has a minimal free 
resolution of type 

30(-5) 
<- 3s © k 

120(-6) 30O(-7) < — 210(-8) < — 50(-9) <- 0. 

Dualizing (2.3) we obtain 

— ► 0(-5) — »• E v (-2) — > 20 — > uo s — >0 

thus us is globally generated, p g = 2, and since the double point formula yields 
K 2 = we deduce that S is a minimal proper elliptic surface. Now Le Barz's 
formula (1.2) gives iV 6 = 10, hence there are ten 6-secant lines to S because E(2) 
is globally generated outside a 3-codimensional set. 

Corollary 2.4. There exist smooth non-minimal K3 surfaces IcP 4 with d = 13, 
iv = 16 which are embedded by a linear system 

10 

\H\ = \H min — 7E — Ej\. 
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Proof. A minimal proper elliptic surface S C P 4 as constructed in Proposition 2.1 
can be linked in the complete intersection of two quintic hypersurfaces to a surface 

X with invariants d = 13, 7r = 16, x = 2 and a resolution of type 

(2.5) — ► E v (-2) — > 40 — ► J x (5) — ► 0. 

Smoothness can be checked again in an example. X is cut out by quintic hyper- 
surfaces, hence there are no 6-secant lines this time. On the other hand, Le Barz's 
formula gives N 6 = 10, so there exist 10 exceptional lines on X, namely the 6-secant 
lines to S. To describe X we will use adjunction theory. Let X\ denote the image 
of X under the adjunction map, defined by \H + K\, and X 2 denote the image of 
X\ under the adjunction map defined by \H\ + K\\. We compute the following 
invariants: 

X I C P 16 Hi = 36 H l K l = 6 K\ = -1 m = 22 
X 2 c P 22 iff = 47 H 2 K 2 = 5 K% = -l + b tt 2 = 27, 

where b is the number of (— l)-conics on X. The Hodge index theorem gives K\ = 
— 1 + b < 0, thus X is either a K3, or a proper elliptic surface. Moreover, in case 
it is elliptic, X has a (—1) conic or a (—1) cubic and the proper transform of the 
canonical divisor on the minimal model is an elliptic curve of degree 4 or 5, while in 
case X is a K3 surface there is an exceptional rational septic curve on it. To prove 
the claim of the corollary it is enough to check that p 2 = 1, since in the elliptic case 
Kodaira's formula for the canonical divisor gives p 2 = h°(wx 82 ) > 2. Dualizing 
(2.5) we obtain a resolution of ujx 

— ► 0(-5) — > 40 — ► E{2) — > uj x — >0, 

and thus one for ujx® 2 '- 

— > 60 — ► 4E(2) — ► S 2 (E)(4) — > u x m — > 0. 

Splitting it up in short exact sequences and using the facts that h 1 (E(2)) = and 
h°(E(2)) = 5 we deduce p 2 = h°(S 2 (E)(4)) - 14. Now, from (2.2), S 2 (E) can be 
realized as an extension 

— ► S 2 (F) — > S 2 (E) — > E — >Q, 

while h°(S 2 (F)(4)) = 0, h 1 (E(4)) = 0, and the kernel of the coboundary mor- 
phism B°(E(4)) — ► H 1 (,S 2 (F)(4)) has dimension 15, as one can easily check with 
SL(2, Z 5 )-representation theory. Hence p 2 = 1 and X is a K3-surface of the claimed 
type with a minimal free resolution 

40(-5) 
<- 3 X <- © k 

50(-6) 160(-7) <- 10O(-8) <- 20(-9) <- 0. 
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Proposition 2.6. There exist smooth, regular, proper elliptic surfaces S C P 4 , 
with invariants d = 12, tt = 14, x = 3 and embedded by one of the following linear 
systems 

4 

a) \H\ = \Hmin — 2E — ^ Ej\, 

i=i 

5 

b) \H\ = \H m j n — Ej\. 

i=i 



Proof. Argueing as in the proof of Proposition 2.1 a possible Beilinson co ho mo logy 
table is 



P 

Thus we may take this time £ := 20(— 1) © 30 3 (3) and £F := ker ip, for some epi- 
morphism ip : 20 2 (2) © ^(1) — > 0, and check for the degeneracy locus of a general 
morphism </? G Hom(£,9 r ). Identifying P 4 = P(V), with V = spanc(e , . . . , e 4 ), 
the morphism ip is induced by a triple (V'lij ^i2 5 V^)) where ^n, ^12 G A 2 F and 
■02 ^ V". We check the various choices for ip. Namely, if 

a) ip is generic, then the associated vector bundle 3 has a minimal free resolution 
of type 

0^?^25O(-l) 10O(-2) 0(-3) 

© < © K 

40(-3) 40(-4) 0(-5) <- 0, 

and a general morphism ip G Hom(£,9 r ) gives a smooth surface 5 Q C P 4 with 
minimal free resolution 

<- J Sa <- 80(-5) 70(-6) 0(-7) 

© * © K 

40(-7) 40(-8) 0(-9) <- 

while, if 

/?) ip distinguishes a plane, e.g., say ipu = 0, ^12 = eo A ei and 1^2 = ^2, then has 
a resolution 

250(-l) 120(-2) 20(-3) 

< 3~ < © < © < © k 
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and the generic ip G Hom(£,5F) degenerates on a smooth surface Sp C P 4 with 
syzygies 

80(-5) 90(-6) 20(-7) 
^ J 5/3 ^ © < — © < — © 

20(-6) 50(-7) 40(-8) 0(-9) <- 0. 

Smoothness can be checked in examples on a computer via [7] . Also it is easily seen 
that all other choices of ip lead to singular surfaces, or to determinantal loci which 
are not of the expected codimension. We determine next what type of surfaces we 
have constructed. 

Let Si denote the image of S a (Sp resp.) under the adjunction map, and let S 2 be 
the image of Si under the adjunction map defined by \H\ + K\\. Then 

51 C P 16 H\ = 35 H1K1 = 9 Kf = -5 + a tti = 23 

5 2 C P 24 Hi = 48 + a H 2 K 2 = 4 + a K\ = -5 + a + b tv 2 = 27 + a, 

where a is the number of (— l)-lines and b is the number of (— l)-conics on S a (Sp 
resp.). 

In case a) , the ideal Is a is generated by quintic hypersurfaces so S a has no 6-secant 
lines. Le Barz's formula (1.2) gives Nq = 4, hence there are 4 exceptional lines, 
say Ei, E 2 , . . . , E±, on S a . Let S m i n denote the minimal model of S a and assume 
first that it is a surface of general type. Then S a has at least two other exceptional 
curves F\ and F 2 of degree > 2, and thus there would exist a curve in |-RT m i n — F\ \ of 
degree HK m [ n — 2 < 4 and arithmetic genus Pa(-^min) > 2, which is a contradiction. 
It follows that S a is elliptic, and thus K ~ K m [ n + Xli=i + -^o 5 where i?o is a 
(— 1) curve of degree > 2. On the other side a curve in |i^ m i n — E Q \ has arithmetic 
genus one, so HE < 3. We investigate first the case when HE = 3. Then a 
curve D G |i^ m in — ^o| has degree 4 and arithmetic genus one, so it spans only a 
hyperplane in P 4 . The residual curve G ~ H — D has then degree 8 and genus 9. 
We check now that G lies on a quadric surface in P 3 . Namely, since Riemann-Roch 
gives x(Oe?(2i7)) = 8 it is enough to show that h 1 (0 C ;(2i7)) < 1. This follows from 
the cohomology of the exact sequence 

0^ O s (H + D) — > O s (2H) — > G (2H) ^0 

since, in the examples above, ^(©5(1)) = 3, h 1 (O s (2)) = 2, h 2 (O s (i^ + D)) = 
h (Qs(K — D — H)) =0, while the composite multiplication map 

R\Os(H)) R\O s (H + D)) ^ H 1 (O s (2H)) 

drops rank at most one on P 4 , for a general choice of the morphism ip G Hom(£, 9 r ). 
Now the curve D lies on two quadrics, thus h (J#(4)) > 2, where i7 denotes the 
hyperplane section of S a cut out by the P 3 of D. This is a contradiction, since under 
the above assumptions of (minimal) cohomology we have h (J#(4)) < h 1 (J^(3)) = 
1, for all hyperplane sections H. Therefore Eq must be an exceptional conic and S a 
a non-minimal elliptic surface embedded by a linear system of type a), as claimed 
in the statement of the proposition. 

In case (3), it is easily seen that the distinguished plane IT = P(span c (eo, ei, e 2 )) 
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C. Therefore Sp has infinitely many 6-secant lines, namely the pencil of lines in 
IT through P, and Le Barz's formula doesn't apply in this case. Using the explicit 
form of the syzygies of 3s , it is easily seen that these are in fact all the 6-secant 
lines to Sp. Taking co ho mo logy of the exact sequences 

0^ J S/S (fc-l) — 3 Sf) (k) — ^0 fc = 3,4 

we observe that h 1 (Jn(3)) = 3 for all hyperplane sections H of Sp, and that 
h (J#(4)) = 1 if and only if P e H . Therefore each hyperplane through P contains 
a plane it such that h (J 7I -ns /3 (4)) = 1. In particular, the pencil of hyperplanes 
through IT determines a quadric cone 

where / and m are suitable linear forms, such that h 1 (U 7r{A . At) n5 (3 (4)) = 1 holds for 
all planes ^(A:^) = {fJ>l + Am = ^1x3 + Xx^ = 0} in one of the rulings of Q. The 
plane IT is obviously a member of the opposite ruling of Q, and thus residual to C 
in the complete intersection Sp fl Q there is a curve G ~ 2P — C of degree 19 and 
arithmetic genus 23. On the other side, the hyperplane sections through IT cut, 
residual to C, a pencil \D\ with base point P, of curves of degree 7 and genus 3. 
It follows that the curve G splits as G = G\ + G2, where G\ is a union of plane 
curves contained in planes of the ruling tt(\:^), while G2 is a curve of degree 14 
which maps down via projection from the vertex of Q to a complete intersection 
of type (7, 7) on the quadric surface, which is the base of the cone. It is easily 
checked that G± splits as the union of 5 exceptional lines, say Pi, E2, . . . , £5, on 
Sp. Therefore, on the first adjoint surface Si we obtain K\ > and in fact, by the 
Hodge index theorem, the equality K\ = holds. We argue further as in case a). 
If Sp were a surface of general type, then it would contain further an exceptional 
curve E of degree > 2 and thus a curve iV e |i^ m i n ~ E\ would have degree at 
most 5 and arithmetic genus at least 2. Thus the only case to exclude is K^ in = 1, 
HE = 2 and HN = 5, p a (N) = 2. If AT spanned only a P 3 , then the residual curve 
H — N would have degree 7 and arithmetic genus 8, which is impossible. Therefore 
N spans all of P 4 and necessarily splits as N = A + P, with A a plane quartic 
curve and B a line disjoint from it. But then A 2 + B 2 = N 2 = 0, B 2 < —2 since 
B cannot be exceptional, while the Hodge index theorem yields A 2 < , which is 
a contradiction. As claimed, it follows this time that Sp is a non-minimal elliptic 
surface embedded by a linear system of type b). 

3. A FAMILY OF SMOOTH K3 SURFACES OF DEGREE 14 

We construct in this chapter an example of a smooth non-minimal K3 surface of 
degree 14 in P 4 . Currently this is the only known family of smooth non-general 
type surfaces of this degree in P 4 . More precisely, we show 

Proposition 3.1. There exist smooth non-minimal K3 surfaces S C P 4 , with 
d = 14, 7v = 19, K 2 = —15, and embedded via 

4 14 

\H\ = \H min — 4P — ^2 — ^ 
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where \H min \ is very ample on S m i n of degree 56 and dimension 29. 
Proof. We will discuss two different approaches. First 

A syzygy construction. A plausible Beilinson cohomology table for a surface 
with these invariants is 
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In this case everything is determined by the structure of M := (B meZ H 2 (Js(m + 4)). 
We will consider the dual module M* and assume that it is generated, as R = 
C[xq, . . . , X4]-module, by Homc(H 2 (J,g(3)), C). Thus M* has a minimal free reso- 
lution of type 

0< — M* < — 3R(-1) ^- 8R(-2) mR(-3) 

with m > 0. The morphism ip = (ipi, -02 ) is given by a 3 x (8+m)-matrix with linear 
entries in ipi and quadratic entries in ip 2 - Also, m > if and only if tpi has at least 
three non-trivial linear syzygies. However, this doesn't occur for a general choice 
of ijji and the cokernel of V'l is an artinian graded module with Hilbert function 
(3, 7, 5) in this case. In order to obtain a module with the desired Hilbert function, 
it is necessary that the number of linear syzygies of ^1 equals m + 2. The idea is to 
start with four planes Pi = {In = U2 = 0}, i = 1, . . . , 4, and to consider the direct 
sum of the four Koszul complexes built on { In, U2 } 

4R 8R(-1) ^- 4R(-2). 

We take now as ipi a morphism given by three general lines of a, i.e., •i/'i = 7«( _ 1), 
with 7 G M 3 4(C) a random matrix, and as vp2 a general 3 x 2-matrix with quadratic 
entries (since ^1 has exactly 4 linear syzygies). M* := coker ip is artinian, with 
Hilbert function (3, 7, 7) and with a minimal free resolution of type 

<— M* i — 3R(-1) 8R(-2) 4i?(-3) 

2R(-3) 5i?(-4) 

15R(-5) 38R(-6) < — 28fl(-7) < — 7R(-8) <- 

We dualize, and set 3 := Syz 2 (M). To get a hint for the second bundle, we 
compare the syzygies of 3 with Beilinson's spectral sequence for J5. Namely, the 
Eoo -filtration yields an exact sequence 



12 



SORIN POPESCU 



Furthermore h°(30 = 15, so we may take £ := 0(— 1) © 150. One checks in 
examples, via [7], that the degeneration locus of a <p e Hom(£, 30 = Hom(0(— 1) © 
(H° (30 (8)0), 30 = H°(3"(l))©Hom(H°(30©O, 3 r ), given by a general section and the 
natural evaluation map, is a smooth surface 5* with the desired numerical invariants 
and the desired cohomology. The minimal free resolution of the ideal sheaf of the 
surface is of type 

40(-5) 20(-6) 
^ U s < — © < — © , 

40(-6) 80(-7) 30(-8) <- 0, 

and thus the homogeneous ideal is generated by 4 quintics and 4 sextics. Moreover, 
it follows from the construction of the module M* that the four quintics containing 
S intersect in 

4 

v((is)< 5 ) = su\Jp t , 

i=l 

and a closer look at the syzygies of M* shows that S cuts each plane Pi along a 
sextic curve. Hence each of the planes Pi contains an oo 2 of 6-secant lines, and in 
particular Le Barz's formula doesn't apply to this example. 

To determine the type of surface we have constructed, one can argue as follows. All 
the geometric facts needed in the sequel will follow from our second construction. 
One checks first that S U U*=i Pi ^ s an arithmetically Cohen-Macaulay scheme of 
degree 18 and sectional genus 39, with syzygies of type 

°<- J suuf =1 * ^ 4 °(-5) 20(-6) 

© ^ 
0(-8) 

The minors of the above 4 x 2-submatrix 40(— 5) ^— 20(— 6) vanish precisely along 
an exceptional quartic curve Eq on S. Furthermore, one may check that there are 
exactly ten exceptional lines on the surface. Let now S\ denote the image of S 
under the adjunction map, and 52 denote the image of S\ under the map defined 
by |.ffi +K 1 \. Then 

51 C P 19 Hi = 43 H X K X = 7 K\ = -5 tti = 26 

5 2 C P 26 Hi = 52 H 2 K 2 = 2 K% = -5 + b tt 2 = 28, 

where b is the number of (— l)-conics on S. But K\ = —5 + b > —H 2 K 2 = —2, and 
there exists already an exceptional quartic curve Eq on S, so the only possibility is 
that 6 = 4 and K 2 is a (—1) conic on S 2 . As it turns out, S = S m i n (po, . . . ,Pia) is 
a minimal K3 surface blown up in 15 points and 

4 14 

\H\ = \H m in — 4-Eo — ^2 ^^i — ^2 ^7 I' 

i=l j=5 

where |-ff m in| is a very ample linear system on .S^m (the fourth adjoint surface), 
defining an embedding S m i n C P 29 , with deg S m i n = 56. 

We want in the sequel to recover an alternative linkage construction for the above 

TSO „ f„ O „1 t„„i-„ „1 J- l!„U™ Too T> A il „„J roc T3„™ n 191 „ 
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that one can link (5, 5) the configuration S U (Ji=i P% to a smooth surface Y of 
degree 7 and sectional genus 6. The cohomology of the liaison exact sequence 

0^ Y {K Y ) — > S5i5 (5) — SuUtiA (5) — 0, 

where S5 5 denotes the complete intersection of the two quintic hypersurfaces used 
in the linkage, gives p g (Y) = 2 and q(Y) = while the double point formula yields 
K Y = 0. Surfaces with these invariants are classified in [31] and are known to be 
arithmetically Cohen-Macaulay, minimal proper elliptic surfaces. More precisely, 
\Ky\ is a pencil without base points of plane cubic curves; the planes spanned by 
its members being those in one ruling of the determinantal quadric defined by the 
linear syzygies in 

— ► 20(-5) — ► 2O(-4)0O(-2) — ► 3 Y — > 0. 

Once again linkage shows that Y cuts each plane Pi along a conic Cj, which is 
necessarily a section of the elliptic fibration, since there are no singular fibers and 
the fibration is by plane curves. In particular, this means that the rank of the 
Picard group of Y is at least 6, while the Picard number of a generic elliptic surface 
of degree 7 in P 4 is only 2 by [20]. Therefore Y has to be chosen carefully in order 
to recover S via liaison from the scheme Y U Ui=i 

A linkage construction. The above facts suggest to us the following linkage 
construction for this family of K3 surfaces. Let P, Pi, P2, P3, P4 be five planes in 
general position in P 4 and denote by {pij} = Pi n Pj, for 1 < % < j < 4, the mutual 
intersection points of the last four of them. 

Lemma 3. .2. 

a) The homogeneous ideal Ipu{pi -,i<i<j<4} i> s generated by 3 quadrics and 4 cubics. 

b) The three quadrics intersect along the plane P and a rational normal quartic 
curve Q, which is trisecant to P and goes through the points p^. 

Proof. The first part follows from the cohomology of the residual intersection se- 
quences 

— " 3 {p«,*<j}( m - !) — " 3pu{ Pij ,i<j}( m ) — ► 0p2(m-l) — >0 

where m E Z. For the second part observe that the plane P is linked in the 
complete intersection of two of the hyperquadrics to a rational cubic scroll T. If 
Ht ~ Co + 2/, with C5 2 = —1, Cof = 1 and f 2 = 0, is the embedding of the scroll 
in P , then PflT~Co + /isa conic and the third hyperquadric cuts on T the 
rational normal quartic curve Q ~ Co + 3/. Now jjP n Q = Q{Cq + /) = 3 and the 
lemma follows. 

We consider now a general quadric V G H°(3p U { Pij .}(2)) and denote with Cj the 
conies VdPi, for % = 1, . . . , 4. They intersect pairwise in the points {pij} := C^nC,-, 
1 < i < j < 4. 

Lemma 3.3. There exists a unique rational normal quartic curve E which is 
contained in V , passes through the points p^ , 1 < i < j < 4, and intersects the 
plane P in exactly one point p. 

Proof. The claim is closely related to a theorem of James [26], [40]. Consider the 
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quartic curve Q in lemma 3.2. It is one to one onto a smooth hyperquadric O C P 5 , 
which we identify in the sequel with the image of the grassmannian of lines in P 3 
under the Pliicker embedding. Let P 4 be the blowing up of P 4 along Q and denote 
by E the exceptional divisor and by 7 : P 4 — > OcP 5 the induced morphism. Then 
the trisecant planes of Q are mapped through 7 to the planes of one generating 
system, say «-planes, of the grassmannian Q, while E is mapped by 7 onto a 
sextic threefold ruled by /3-planes. Each of the /3-planes corresponds to the normal 
directions in P 4 at points of Q. We remark also that quadric cones through Q are 
mapped via 7 to special linear complexes, i.e., to tangent hyperplane sections of 
O. To fix notations, let H C P 5 be the hyperplane corresponding to V and let fy, 
1 < i < j < 4, be the /3-planes corresponding to the points pij. Rational normal 
quartic curves which meet Q in six points are represented via 7 by conies in which 
O is met by planes. Thus, in order to prove the lemma, all we need to check is that 
there exists exactly one plane in H meeting all six lines H D /% and not contained 
in the quadric cone H D fi. But this is clear since the Pliicker embedding of the 
grassmannian of planes in P 4 has degree 5, while the planes of the cone H n O 
describe via the same Pliicker embedding the union of two conies. The rational 
quartic curve £0 represented by this unique plane meets P in one point because 7 
maps P to an a-plane contained in H. 

Lemma 3.4. IfT = PU Ut=i Ci, then its homogeneous ideal It is generated by 1 
quadric, 2 cubic and 4 quartic hyper surfaces. 

Proof. One uses again the residual exact sequences 

— * ^uJ^CiC"*- 1 ) — ► M TO ) — ► Jpu(uJ =1 CinH)M — >° 

where if is a general hyperplane through P and m G Z, together with the fact that 
7 y 4 q. is generated by 1 quadric and 8 cubic hypersurfaces. 

i = 1 1 

From the above lemma it follows that P can be linked in the complete intersection 
of V and a general quartic hypersurface W £ H (J^(4)) to a smooth, minimal 
proper elliptic surface Y C P 4 with deg Y = 7, tt(Y) = 6. By construction, the 
conies Ci all all on Y. 

Lemma 3.5. 

a) Cf = —3 and KyCi = 1 on Y , so each conic Ci is a section of the elliptic 
fibration. 

b) The planes Pi intersect Y exactly along the conies Ci. 

Proof. In any case KyCi > 1 since there are no multiple fibers. On the other hand, 
we recall that the elliptic fibration is cut out on Y by the planes in one of the rulings 
of the cone V. Thus if KyCi > 2, then Pi would lie on V and this would contradict 
our choices. It follows that Cf = —3 and KyCi = 1- Part b) is set theoretically 
clear by construction. It is enough to remark that residual to each conic Ci there 
is a pencil \Hy — d\ of curves of degree 5 and genus 2, without base points since 

(Hy - Ci) 2 = 0. 

We need in the sequel some classical facts of projective geometry. 

Proposition 3.6 (Segre). With any four general planes Pi, i = 1, . . . , 4, there is 
associated a uniquely determined fifth plane P$, such that all lines which meet the 
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Proof. As mentioned above, the Pliicker embedding of the grassmannian of lines in 
P 4 has degree 5, thus the claim follows because the special linear complexes consist 
of lines meeting a given plane. See also [39] or [41]. 

Corollary 3.7 (Segre)[39]. The lines in P 4 , which meet the four initial planes, 
generate a cubic hypersurface X containing the five planes Pi, i = 1,...,5, and 
having singularities (nodes) exactly at the ten points at which the planes meet in 
pairs. 

Proof. We briefly recall the arguments in [39]. The first part of the claim follows 
from Bezout's theorem and from Schubert calculus in 67(1, 4) since H°(J u p. (3)) = 1, 
and since if / is a line meeting P4 at one point q, in which case it is contained in 
a hyperplane H through P4, then there is one line through q which meets Pi, P2 
and P3, and there are two other lines meeting / and the three lines in which H cuts 
Pi, P2 and P3, respectively. To check singularities, observe first that residual to a 
plane Pi in a general hyperplane section of X through it, there is a quadric surface 
containing 4 skew lines, thus smooth. Therefore X has only isolated singularities 
and an easy argument shows that these are exactly the ten points of pairwise 
intersection of the planes Pj. 

A cubic threefold X C P 4 with the maximum number of ordinary double points, 
namely 10, is unique up to projective equivalence (cf. [39], [27]). Its desingulariza- 
tion X is isomorphic to P 3 blown- up in five points a±, . . . , 05, in general position. 
The morphism <p : X — > X C P 4 is given by the quadrics through the five points, 
while the nodes are the images of the lines joining any two of the points aj. We 
mention in the sequel some of the properties of this threefold (cf. [39], [41], [21]). 

The Segre cubic primal X has a symmetrical system of 15 planes, of which 5 
correspond to the exceptional divisors over the points a i: and 10 to the planes 
Pijk = ( / ; '(span c (ai, aj, a^)), for k} C {1,2,3,4,5}. The symmetry of the the 
planes resides in the following properties: 

- each plane contains four of the nodes, 

- each plane is met in lines by 6 others, namely the plane corresponding to 
by the planes P^, for all {k,j} C {1,2,3,4, 5} \ {i}, and the plane P^k by those 
corresponding to a^, aj, and P a ,/3, 7 , with a G {i, j, k} and {(3, 7} = {1, 2, 3, 4, 5}\ 
{i,j,k}. 

We will assume in the sequel that we have chosen the desingularization morphism 
ip such that the planes Pi, i = 1,...,4, correspond to the exceptional divisors 
over a,-. Let now as above Z = Y U U*=i Pi- It is a local complete intersection 
scheme, outside the points Pij which are Cohen-Macaulay and where the tangent 
cone is linked to a plane in a complete intersection, and has invariants deg Z = 11, 
7r(Z) = 10, x = 3, q = 0. We remark here that Hodge index implies that there is 
no smooth surface in P 4 with these invariants. By computing syzygies one shows 
that Z has a resolution of type 

0^ 20(-l)e(H°(S)<g>0) — > S — > J z (4) ^0 

with S := 5 , y-2 1 (M*)(3), where M* is the graded artinian module in our first 
construction. In particular the homogeneous ideal Iz is generated by 3 quintic and 
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quintics to a surface S with d = 14, 7r = 19, x = 2, q = 0. One checks in examples 
via [7] that £ is smooth. 

Remark 3.8. By liaison, each plane Pj, i = 1,...,4, intersects 5 along a sextic 
curve Di, thus each of them contains an oo 2 of 6-secant lines to S. 

Lemma 3.9. 

a) E is an exceptional quartic on S. 

b) Each of the four planes Pijk, with {i, j, k} C {1, 2, 3, 4}, cuts the surface S along 
an exceptional conic. 

Proof. The rational normal curve Eq is contained in V and intersects W in a scheme 
of length 16, of which one point is on P. Thus, for general choices, Eq cuts Z = 
Y U Ui=i ^ a l° n g a scheme of length 15 + 6 = 21 and, by Bezout's theorem, lies 
on all quintic hypersurfaces containing Z, whence on S. We show now that, say 
-Pi 2 3 cuts S along a conic; the other cases being similar. Observe first that P123 
cuts P±, Pi and P3 along the lines pairwise joining the points P12, pis, P23, while 
P4 and P5 both meet this plane at the node V45 corresponding to the line through 
04 and 05. For general choices P123 meets Y in a scheme of length 7: P12, P13, P23 
and four extra points. Let E4 denote the unique conic through these four points 
and the node It is easily seen that P4 is a 11-secant conic to the configuration 
Z, so by Bezout's theorem it necessarily lies on S. 

By linkage Ks + ((Y\J\J* =1 Pi)(~)S)s ~ 5Pts- On the other hand, the curve of degree 
24 and arithmetic genus 37 represented by (Y(~)S)s ~ 5Hy — Ky — Ylt=i ^i, an d the 
quartic E lie both on the quadric cone V. It follows that Ks + ((Ui=i P«) n $)s ~ 
3H S + E , thus K s + Eti Di~(XH S) s + E . Since H(K - E - E ti E i) = 
22 — 12 = 10 and K 2 = —15 we deduce easily that E i: i = 0, . . . ,4, are exceptional 
curves on S. 

Adjunction and the above lemma show also that S must have 10 exceptional lines, 
thus it is a non-minimal K3 surface embedded by 

4 14 

\H\ = \H min - 4E - ^2Pi - Ej I . 

i=l j—5 

Corollary 3.10. The Segre cubic primal X intersects S along the union of the 10 
exceptional lines, the 4 exceptional conies and the 4 plane sextic curves Di. 

A similar linkage construction gives also the following 

Proposition 3.11. There exist smooth, non-minimal general type surfaces ScP 4 
with invariants d = 15, n = 22, p g = 3, q = 0, K 2 = —6, and with 9 exceptional 
lines. 

Proof. This time one starts with a Castelnuovo surface Y C P 4 , i.e., with a smooth, 
arithmetically Cohen-Macaulay, rational surface with d = 5, tv = 2 and K 2 — 1 (see 
[8] or [30]). Y is linked to a plane in the complete intersection of a hyperquadric 
and a cubic hypersurface, and can be represented via the adjunction map as IFi 
blown up in 7 general points, thus it is embedded in P 4 by 

7 

\H Y \ = \4:l-2E -J2 E i\- 
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Consider now the following conies on Y: 

6 
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They intersect pairwise in one point and the planes they span, denoted in the sequel 
by Pi, for % E {0,4}, intersect the Castelnuovo surface Y only along the conies Cj. 
The scheme Z = Y U Ui=o ^ s regular, of degree 10 and sectional genus 7, and 
has a minimal free resolution of type 

50(-5) 
<- 3 Z < — © . 

10O(-6) 340(-7) < — 270(-8) < — 70(-9) <- 0. 

The five quintics in the ideal intersect along Z and the union of 9 skew lines. In 
fact, if, according to lemma 3.6 , Qi denotes the unique Segre cubic hypersurface 
containing the planes P^+i, Pi+2, Pi+3 and Pi+4, for % e Z 5 , then one checks that 
Qi-, Q2, Q3 and Q4 each contain 6 skew lines which are 6-secant to the configuration 
Z, while Qo contains only 5 such lines. On the other hand, the five Segre cubics 
Qi cut out an elliptic quintic scroll T C P 4 (see [39], [41, Th.XXXIII, p.278]); 
each of the planes Pi intersecting it along a cubic curve, section of the ruling. 
It follows that there are exactly 5 rulings of the scroll which are 6-secant to Z, 
and thus altogether 9 skew lines with this property. The scheme Z can be linked 
in the complete intersection of two quintic hypersurfaces to a surface S with the 
desired invariants, having the above 9 lines as exceptional curves. One computes 
the following cohomology table 



p 

and a minimal free resolution of type 

20(-5) 
<- 3 S <- © v 

70(-6) 120(-7) < — 40(-8) <- 0. 

Finally, we remark that each of the planes Pi intersects S along a sextic curve, and 
thus contains an oo 2 of 6-secant lines to S. 

Remark 3.12. S and Z are minimal elements in their even liaison classes. 
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